Abstract. Using the Borel transform, we study the spectrum of a class of non-compact integral operators whose kernels are of exponential type and square integrable on the real line. Our method also enables us to obtain an interesting characterization of a well-known integral equation involving the Bessel function J 0 .
Introduction
The aim of this work is to study the spectrum of the integral operator
where g(x) belongs to the class Exp τ L 2 of entire functions of exponential type τ and which are square integrable on the real line. With no loss of generality, we shall choose τ = 1 throughout this work.
The consideration of the above integral equation is motivated by the following special case:
where f belongs to L 2 (R). This integral equation arises naturally in the following setting. Consider an incoming signal f ∈ L 2 (R). We record the t ≥ 0 portion of the signal and designate it as
We perform the spectral analysis on f by considering its Fourier transform (f + )ˆ. The signal is reprocessed by discarding the portion of (f + )ˆwith frequency |w| ≥ c and with no loss of generality, we choose c = 1. The processed signal h(t) can be recovered by inverting the Fourier transform
This gives the desired physical interpretation of the integral equation (1.1). In the general case, we have (see Theorem 2)
thus, the output signal h(t) is the result of further modification of (f + )ˆby the multiplierĝ 
yields the integral equation
This has been studied in great detail by Pollack and Slepian in [4] and the asymptotic formula for its largest eingenvalue as c → ∞ was obtained by Fuchs [2] . However, operators T and T c are fundamentally different. The operator T c is compact and its eigenfunctions are the prolate spheroidal functions, whereas the operator T is non-compact; their method does not seem suited for the study of the spectrum of T and we will approach the problem from the setting of Borel transform. Before we proceed further, it is interesting to observe the following integral equation:
where J 0 (x) is the Bessel function of order zero. It is important to point out that, since [6, p. 95 ]
as x → ∞, J 0 does not belong to L 2 (R). The identity (1.3) is often derived as a special case of Sonnie's integral [6, p. 433 ], but we shall provide a different proof which serves to illustrate the essence of our approach.
We first recall the Borel (or Laplace) transform of J 0 (x) [6, p. 384 
Then,
Since the integrand is absolutely integrable, the reversal of the integral is permissible. The equality (1.3) now follows from (1.4) by letting b → 0+ (together with the dominated Lebesgue convergence theorem) and the well-known identity [6, p. 48]:
The major part of our work is to establish
. Therefore, the operator T has continuous spectrum only. The definitions of Borel transform, the indicator diagram and relevant properties of Borel transform are contained in Section 2, and Theorem 1 is derived in Section 3.
Reformulation of (1.5) in terms of Borel transform
Let f be an entire function of exponential type τ . The Lindelof indicator function is defined as
The indicator diagram of f is the set
The Borel transform of f is defined as
Then ϕ is analytic in the half plane Re w > h f (0) and ϕ(∞) = 0. Furthermore, ϕ can be analytically continued to the exterior of the conjugate indicator diagram by the formula
f can be recovered from its Borel transform by the integral
where γ is a simple curve surrounding the boundary of the conjugate indicator diagram. So there is a one-to-one correspondence between a given function and its Borel transform. 
Both exist almost everywhere and in L 2 sense. Therefore, for f ∈ Exp τ L 2 , the Borel transform ϕ is analytic on the region C −I and takes the values of ϕ − and ϕ + , respectively, on the left and right sides of the interval I. Moreover, we can express the Fourier transformf of f aŝ
We can now reformulate the integral equation T f = λf in terms of the Borel transform of f as follows. From (1.2),
Applying the Fourier transform to the above equation, and together with (2.2), we have The interested readers can find the proofs of the essential properties of Borel transform in [3] .
Proof of Theorem 1
We begin by establishing some simple properties of the operator T .
Theorem 2. Let g(z) ∈ Exp 1 L
2 and ||ĝ|| ∞ < ∞. Define the integral operator
The reversal of integrals is permissible, because f belongs to L 1 (R + ). From isometry of the Fourier transform √ 2π||f || = ||f ||,
Since, from (3.1), (T f)ˆ=ĝf, which is square integrable with support in [−1, 1], T f belongs to Exp 1 L 2 . The conclusion (b) follows from (3.1):
where (f, g) is the usual inner product. To establish (c), we observe thatf belongs to the Hardy space of the lower half plane; therefore, on the real line, it can be zero only on a set of measure zero [1, p. 166] . Suppose T f = 0 for some f . Then,ĝf = (T f)ˆ= 0 a.e. From the above observation, we conclude thatĝ = 0 a.e., and this establishes the desired conclusion.
Our main task is to show that equation (2.3) cannot hold and thereby establish that the integral equation (1.5) has no point spectrum, hence the spectrum is continuous.
We reformulate the problem in the setting of the unit disc. To this end, we recall that the function
maps the interior of the disc |z| < 1 conformally onto the region C−I with h(0) = ∞ and the upper part of the circle corresponds to the right side of I and the lower part of the circle goes to the left side of I. We now define
Then F (z) is analytic in |z| < 1 with F (0) = 0. Moreover, on the upper and the lower parts of the circle |z| = 1, F takes, respectively, the values of ϕ + and ϕ − . From (2.3),
a.e., (3.3) where G(θ) = 1 − g(cos θ)/λ and we note that G(−θ) = G(θ).
To prove (a) of Theorem 1, we consider
Then, for |z| = 1, writing w = h(z), We note that since F (0) = 0, a 0 = a 1 = 0, and the Fourier series expansion of
Then, from (3.7),
This implies that G 4 (θ) = 1, hence (3.5) and (3.6)), we deduce that A = 0 and thus F = 0. Hence, ϕ = 0 which, in turn, implies f = 0. This shows that T f = λf has no non-trivial solution.
We now proceed to prove Theorem 1(b). Since, by assumption, the Borel transform of f is required to be integrable on its indicator diagram I, we conclude that
|F (e iθ )|| sin θ|dθ Comparing the Fourier coefficients of both sides of (3.10) (using (3.9), we obtain a n = 0 for all n > 1 and if a 1 = 0, B(z) = a 1 z. This implies and g = 0 for the trivial case. This establishes the desired conclusion.
We remark that the argument relies on the representation of the boundary values of the given function in terms of the Fourier series expansion. It is essential that the boundary values of the functions are in the class of L p for p ≥ 1.
